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ABSTRACT 

In a group trellis, the sequence of branches that split 
from the identity path and merge to the identity path 
form two normal chains. The Schreier refinement theorem 
can be applied to these two normal chains to obtain a 
Schreier series, a normal chain of the branch group B of 
the group trellis. It is shown that the components of the 
shortest length generator sequences of Forney and Trott 
form a complete system of coset representatives for the 
Schreier series decomposition of B. These components 
can be used to construct a natural time domain encoder 
with the form of a time convolution. The Schreier series 
and encoder have a natural shift structure related to B, 
and we find its graph automorphism group. Using the 
natural shift structure, we find a vector basis group for B 
which is isomorphic to B. When the basis is formed using 
generator sequences, the graph automorphism group gives 
a bound on the number of generator bases. Using the 
graph automorphism group, the encoder here is compared 
to an encoder of Forney and Trott. When B is abelian, 
there is a symmetry and duality between the two encoders 
which has a transform domain interpretation between a 
time and spectral domain. When B is nonabelian, the 
comparison shows that the components of the generator 
sequences must obey commutative restrictions, and so it 
is inherently difficult for a branch group to be nonabelian. 

1. INTRODUCTION 

The idea of group shifts and group codes is impor- 
tant in several areas of mathematics and engineering such 
as symbolic dynamics, linear systems theory, and cod- 
ing theory. Research in this area started with the work 
of Kitchens [I], Willems [2], Forney and Trott [3], and 
Locliger and Mittelholzer [4j. 

Kitchens [T] introduced the idea of a group shift 
and showed that a group shift has finite memory, i.e., it is 
a shift of finite type [12] . A group shift is a fundamental 
example of a time invariant group code [3], also called 
a time invariant group system [3]. Forney and Trott [3] 
showed that any time invariant group code is equivalent 
to a labeled group trellis section. They showed that any 
group code that is complete (any global constraints can be 
determined locally, see [3]) is equivalent to a sequence of 
connected labeled group trellis sections (which may vary 



in time) . They explained the important idea of shortest 
length code sequences, or generator sequences. At each 
time epoch, a finite set of generator sequences can be used 
to construct a "local" section of the code. Using the gen- 
erator sequences, any group code can be mechanized with 
a minimal encoder which has a shift register structure. 

Forney and Trott start with the most general setting, 
a set of sequences with a group property, a group code, 
and then analyze further to determine the state structure, 
group trellis section, group trellis, encoder structure, and 
other properties of the code; the related work of [5] in 
systems theory also uses this same top down approach. 

The work of Loeliger and Mittelholzer [4] starts with a 
group trellis. Among other results, Loeliger and Mittel- 
holzer give an abstract characterization of groups which 
can be the branch group B of a group trellis. They also 
give a shift register structure for a group trellis, which 
uses the Forney- Trott approach modified to a group trel- 
lis. Instead of using groups related to code sequences 
as in [3], their encoder is described using groups related 
to their abstract characterization of a branch group B. 
Aside from this abstract description, the encoder of [I] is 
essentially the Forney- Trott encoder applied to a group 
code which consists of code sequences of branches from a 
group trellis. Thus we call the encoder in [4] the branch 
group version of the Forney- Trott encoder. 

This paper also gives an abstract characterization of B, 
but it is different from [J]. In a group trellis, the sequence 
of branches that split from the identity path and merge 
to the identity path form two normal chains, {Xj} and 
{li}, respectively. In this paper we apply the Schreier 
refinement theorem to {Xj} and {Y{\. The refinement 
of the two normal chains gives another normal chain, the 
Schreier series, which is also a normal chain of B. The 
Schreier series can be written in the form of a matrix, 
with rows and columns determined by {Xj} and {Yi}. 
When the group trellis is controllable, the matrix reduces 
to a triangular form, called the controllable matrix. The 
controllable matrix is an echo of matrix ideas used in 
classical linear systems analysis. 

In this paper, we start with a group trellis as in [4]. 
However we feel the approach here also suffices when 
starting with a group code as in [3]. The only change 
required is to replace the Schreier series obtained from 
the Schreier refinement of trellis normal chains {Xj} and 
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{Yi} with an analogous normal chain which formally re- 
places {Xj} and {Yi} with corresponding sequences in 
the group code. 

Using properties of the controllable matrix and 
Schreier series, we show that components of the shortest 
length generator sequences of Forney and Trott form a 
complete system of coset representatives for the Schreier 
series decomposition of the branch group B of the code 
given by the controllable matrix. This shows the genera- 
tor sequences are intimately related to the branch group 
B. 

Based on the controllable matrix, we give a minimal 
encoder structure for a group code which is an estimator. 
As in 014], the encoder uses shortest length generator 
sequences, but here the components of the generator se- 
quences give a time domain convolution. Therefore this 
encoder appears to be a natural time domain form for a 
group code encoder. The encoder has a register imple- 
mentation which is somewhat different from the classical 
shift register structure. 

The Schreier series and encoder have a natural shift 
structure related to B, and we find its graph automor- 
phism group. Using the natural shift structure, we find a 
vector basis group for B which is isomorphic to B. When 
the basis is formed using generator sequences, the graph 
automorphism group gives a bound on the number of gen- 
erator bases. The encoder here is compared to an encoder 
of Forney and Trott. When B is abelian, there is a sym- 
metry and duality between the two encoders which has 
a transform domain interpretation between a time and 
spectral domain. When B is nonabelian, the comparison 
shows that the components of the generator sequences 
must obey commutative restrictions, and so it is inher- 
ently difficult for a branch group to be nonabelian. 

The recent work of Forney [7] discusses a basis for 
a group code or group system which uses generator se- 
quences. Here we give a vector basis whose components 
are not sequences but individual branches. Although 
components of the generator sequences can be used to 
form a vector basis, it it not necessary to use generators 
to form a vector basis. 

Forney and Trott [3] have shown that any group sys- 
tem can be reduced to a group trellis of concatenated 
trellis sections, composed of states and branches. The 
states have the properties of states in linear systems the- 
ory [2]. This work gives a vector representation of the 
states and branches. The vector representation is essen- 
tially derived from the behavior of the trellis. Thus the 
states and branches are essentially intertwined with the 
trellis. Therefore the notions of trellis, branches, and 
states are not fundamentally separate, but they are just 
different ways of expressing the same underlying behav- 
ioral system. For example, two different states are not 
really distinct but share some degree of common behav- 
ior which can be made precise by examining their basis 
vectors. 

This paper is organized as follows. Section 2 defines 



a group trellis section and group trellis. We study an 
^-controllable group trellis, in which each state can be 
reached from any other state in I branches. Section 3 
defines the Schreier series. For an ^-controllable group 
trellis, the Schreier series can be arranged in the form of 
a triangular matrix, called the controllable matrix. In 
Section 4, we analyze the structure of the controllable 
matrix. We show that the rows of the controllable ma- 
trix form quotient groups, and the generator sequences of 
Forney and Trott are a transversal of the quotient groups. 
This means the components of the generators form a com- 
plete system of coset representatives for the Schreier series 
decomposition of B. The same system of coset represen- 
tatives can be used for the Schreier series decomposition 
of the time reversed group trellis. Based on the analysis 
in Section 4, Section 5 gives an encoder for the group trel- 
lis. The encoder uses shortest length generator sequences 
and has a time convolution property. 

The controllable matrix and encoder have a natural 
shift structure. In Section 6 we identify this shift struc- 
ture, and find its graph automorphism grouop. We find 
a set of separating permutations which completely spec- 
ifies the automorphism group. This allows us to count 
the number of automorphisms. In Section 7, we discuss a 
vector basis formed using factor groups of the finite chain 
{Xj}. The vector basis uses representatives of cosets in 
the factor groups, and each choice of representatives gives 
a different basis. We show that B is isomorphic to a group 
of equivalence classes of vector expansions of g in each ba- 
sis, for each g G B. A generator basis can be formed using 
components of generators. We give a change of basis the- 
orem for the generator bases. Using the graph automor- 
phism group, we bound the number of generator bases. 
Finally we compare our encoder with the branch group 
version of the Forney- Trott encoder. The two encoders 
only differ by an interchange of inner and outer prod- 
uct, or a rearrangement of group elements in a product. 
Since the two encoders must have isomorphic graphs, and 
since the same generators can be used in both encoders, 
there are commutative restrictions on components of the 
generators. Therefore any nonabelian group must satisfy 
certain commutative restrictions. When B is abelian, the 
two encoders have a symmetry and duality, which can be 
interpreted as a transform relation between a time and 
spectral domain. 

2. GROUP CODE AND GROUP TRELLIS 

As in [TT], given groups G\, G2, G3, we say G is a 
subdirect product of G\ , G2 , and G3 if it is a subgroup of 
Gi x G2 x G3 and each coordinate of G takes all values 
in its respective group G\ , G2 , or G3 . We also say G is a 
subdirect product of G\ x G2 x G3. 

Definition. A group trellis section is a subdirect product 
B of S x A x S. We call B the branch group and £ the 
state group. The left states of B, B~ , are the group E, 
the first coordinate of £ x A x E. The right states of B, 



2 



B + , are the group S, the last coordinate of S x A x £. 
We call A the label group or alphabet. The elements of B 
are branches b, where b — (s, a, s') G E x A x E. The left 
state of b, b~ , is s, and the right state of b, b + , is s' . • 

We can think of a group trellis section Basa bipartite 
graph with branches in B and vertices in E, where there 
is a branch (s,a, s') with label a between two vertices s 
and s' if and only if (s, a, s') G £>. 

Consider the projection map ir~ : B — > B~ = £ given 
by the assignment (s, a, s') i— > s. This is a homomorphism 
with kernel Xq , the subgroup of all elements of B of the 
form (Is, a, s'), where Is is the identity of E. Then the 
branches that split from each left state of B~ are a coset 
of Xo, and B/Xq ~ £>~. Consider the projection map 
7T + : £> — > B + = E given by the assignment (s, a, s') i->- s'. 
This is a homomorphism with kernel lo, the subgroup of 
all elements of B of the form (s, a, Is). Then the branches 
that merge to each right state of B + are a coset of Yq, 
and B/Y ~B+. 

In general, for a subset or subgroup of branches G C B, 
define G~ to be the left states of G, and define G + to be 
the right states of G. 

Proposition 1 Let G be a subgroup of B. We have GC\ 
Xq <\ G and Gfllo <\ G. The branches that split from 
each left state of G, G~ , are a coset of G D Xq, and 
G~ ~ G/G n Xq. The branches that merge to each right 
state ofG, G + , are a coset ofGnY Q , andG + ~ G/GnY . 

We think of a group trellis as a connected sequence of 
group trellis sections B [3]. The branches of the group 
trellis occur at time epochs t, which are integers in the 
range — oo < t < oo. Let C be a group trellis, and let c 
be a trellis path in C . Then 

c= ...,b-i,b ,bi,...,b t ,..., 

where component b t is a branch at time epoch t, and 
bt G B. Define the projection map at time t, \t '■ C — > B, 
by the assignment c H ij, Define the projection map 
X[ti.t 2 ] : C B x ■ ■ ■ x B by the assignment c h-> 
(6 tl , . . . , 6* 2 ), the components of c over the time interval 
[ti , t2\ ■ We say that (6 (l , . . . , &t 2 ) is a trellis path segment 
of length t2 — ti + 1, on time interval [ii, £2]- 

Define C + to be the set of all codewords for which 
bt = 1 for t < 0, where 1 is the identity of £?. Define C~ 
to be the set of all codewords for which bt = 1 for t > 0. 
Define C[ tl-t2 ] to be the set of all codewords which are the 
identity outside the time interval [£1,^2]; this is a group. 
We say that a codeword c G C[ti,i 2 ] has span £2 — *i + 1 if 
Ctj 7^ 1 and c t2 7^ 1. Similary define C[ tl)t2 ) and C( tljt2 ]. 

For all integers j, define 

V= {x,(c)|cGC+}. 
Note that Xj = 1 for j < 0. For all integers z, define 

^ = {x-«-i(c)|cGC-}. 



Note that Yi = 1 for i > 0. Since the group trellis is time 
invariant, we have that Xj C £? for all j, and F t C B 
for all i Note that X/ = Xj +1 and Y"+ = F^Ij for all 
integers i, j. And Xj < B and Yi <] B for all integers i, j 

01- 

The trellis states at time epoch t are E t . A branch 
6 t at time epoch t has left state in E t and right state in 
E t+ i. For any integer I > 0, we say a group trellis C 
is I -controllable if for any time epoch i, and any pair of 
states s and s', where s G E t and s' G E t+ ;, there is a 
trellis path through these two states. This means there 
is a trellis path segment of length I connecting the two 
states. The least integer I for which a group trellis is l- 
controllablc is denoted as £. In this paper, we only study 
the case I — I. 

The next result follows directly from Proposition 7.2 
of [4], using our notation. 

Proposition 2 The group trellis C is I- controllable if 
and only if (Xg^i) + = B~ , or equivalently, if and only if 
(Y t - 1 )-=B+. 

For each branch b G B, we define the next branch set 
Af(b) to be the set of branches that can follow b at the 
next time epoch in valid trellis paths. In other words, 
branch e G J\f(b) if and only if b + = e~ . 

Then the next branch set M : B — > B represents the 
contraction, equivalence, and expansion: 



and more specifically for a branch b G B, the assignments: 

b H> b + = s = e~ h-» X e. 

Proposition 3 If b + = e~ , the next branch set N{b) of 
a branch b in B is the coset X$e in B. 

For a set H C B, define the set Af(H) to be the union 
Ub S i/A/'(6). The set N(H) always consists of cosets of 
Xo. Note that N(Xj) — Xj + i for all integers j > —1. 

Proposition 4 // b + — e~ , the next branch set Af(b) of 
a branch b in Xj is the coset Xge in Xj + \, for j > —I. 

For a set H C B and integer j > 0, define Af^(H) to 
be the j-fold composition J\f j (H) = Af o J\f o • • • o J\f(H). 
For j = 0, define Af j (H) = Af°(H) to be just H. If H 
is a set of trellis branches at time epoch 0, then Af^(H) 
is the set of trellis branches at time epoch j, such that 
for each bj G AP' (H ) there is a bo G H and a path in the 
trellis from b Q to bj. Note that Xj =Af j (X ). 

For a set H c B and integer k > 0, define A/" [0 ' fel (iJ) 
to be the set of all trellis path segements (60, ... , bk) on 
time interval [0, k] that start with a branch bo G H. 

Proposition 5 IfG,H are subsets ofB, then J\f(GH) = 
N{G)M{H). 
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Proof. Let (g,g') be a trellis path section of length 2, 
with g G G, and similarly for (h,h'). Then (g,g ! ) * 
(h,h') = (gh,g'h') is a trellis path section of length 
2, with gh G GH. Then AA(gft) = M(g)N(h), so 
M(GH) — M[G)M(H). • 

This result means M{Gb) = N(G)N{b) and 7V(&G) = 
N(b)N(G) for right coset G6 and left coset bG. 

Proposition 6 For any subsets G, H of B, we have 
(G n H)+ = G+nH+ and (G n H)~ = G~ D H~. Also 
(GH)+ = G+H+ and (GH)- = G~H~. 

3. SCHREIER SERIES AND CONTROL- 
LABLE MATRIX 

The group B has two normal series (and chief series) 
1 = X_i C Xq C Ii C ■ ■ ■ C If = 6 

and 

i = y_i c y c y x c • • • c Y t = b. 

We denote these normal series by {Xj} and {Yi}. The 
Schreier refinement theorem used to prove the Jordan- 
Holder theorem [10] shows how to obtain a refinement 
of {Xj} by inserting {Yi}; we call this the Schreier se- 
ries of {Xj} and {Yi}. Since {Xj} and {Yi} are chief 
series, the Schreier series of {Xj} and {Yi} is a chief se- 
ries. In equation ([TJ (see next page), we have written the 
Schreier series as a matrix of £ + 1 columns and £ + 2 rows. 
Note that the terms in the bottom row form the sequence 
X—\, Xq, X±, . . . X1-2, Xg-i, and the terms in the top row 
form the sequence Xo, Ai, A2, ■ . ■ Xe-i, X(_. Thus ([T]) is 
indeed a refinement of the normal series {Xj}. We call 
((T|) the matrix form of the Schreier series of {Xj} and 
{Yi}, or just the matrix form of {Xj} and {Yi}. 

The normal chains {Xj} and {Yi} were first studied 
in [4]. Factors of the diagonal terms, Xj D Y%-j, for < 
j < £, are the groups used in [4] to give an abstract 
characterization of the branch group of an ^-controllable 
group trellis. 

Pick the term in the upper left corner of the matrix 
form, X^i(X (~l Ye), and assume the group trellis is £- 
controllable. Then 

x_ 1 {x Q r\Y e )=x . 

Applying J\f to both sides, we have N(X-i(Xq n Yi)) = 
XoiXx n Y t -!)) and Af(X Q ) = A x . Then 

x (x 1 nY e _ 1 ))=x 1 . 

Continuing in this way we obtain the following. 

Proposition 7 If the group trellis C is £- controllable, 
then 

x j - 1 (x j nY t - j ) = x j , 

for j > 0. 



Proposition [7] is essentially Proposition 7.2 of 4 ], ob- 
tained by a slightly different method. 

The diagonal terms of the matrix form are Xj—i(Xj D 
Yt-j) for j = 0, ...I. Proposition [7] shows that the diag- 
onal terms satisfy Xj_\{Xj n Yg-j) = Xj for j = 0, . . .£, 
if the group trellis is ^-controllable. For j G [1,1], this 
means all column terms above the diagonal term are the 
same as the diagonal term. Then we can reduce the ma- 
trix form to a triangular form as shown in ([2]) . A triangle 
can be formed in two ways, depending on whether the 
columns in arc shifted up or not; we have shifted the 
columns up since it is more useful here. We call (|2|) the 
controllable matrix of {Xj} and {Yi}. 

Theorem 8 The Schreier series is a description (nor- 
mal chain and chief series) of the branch group of a group 
trellis. The controllable matrix is a description (normal 
chain and chief series) of the branch group of a control- 
lable group trellis. 

Proof. Both {Xj} and {Yi} are normal chains of the 
branch group B. Then by the Schreier refinement the- 
orem, the Schreier refinement is a normal chain of the 
branch group B. • 

The Schreier series of {Yi} and {Xj} is obtained by in- 
terchanging X and F in ([T]); it is the dual of the Schreier 
series of {Xj} and {Yi}, In similar fashion, the control- 
lable matrix of {Yi} and {Xj} is the dual of the control- 
lable matrix of {Xj} and {Yi}. 

4. STRUCTURE OF THE CONTROLLABLE 
MATRIX 

We index the rows and columns of ([2]), and denote 
terms, in a definite way. We index the columns with j, 
for < j < £, and rows with k, for < k < £, counting up 
from the bottom (in general, we do not include terms of 
the form Xfc(l)). For example, the term X-i(Xq C\Yq) is 
in column j = 0, and row k = 0. In general, we indicate 
a term in the controllable matrix by Xj—i(Xj (~l Y^-j), 
where the subscripts mean definite things. The subscript 
a of A in the factor term (X a n Yp) always indicates the 
column, and the sum of the subscripts a + /3 of A and Y 
in the factor term always indicates the row. So the term 
Aj_i(Aj n Yk-j) is in column j and row k. As other 
examples, the factor term (Xj n Yk—j—i) is in column j 
and row k — 1, and the factor term (Aj_i n Yk-j) is in 
column j — 1 and row k — 1. Note that row k of the 
controllable matrix has (length) k + 1 terms, ignoring the 
last term Afc(l). 

We now show the controllable matrix preserves shifts, 
that is, it has a shift property. 

Proposition 9 Fix k, < k < £, and fix j, < j < k. 

The controllable matrix has a shift property: the term 
Xj(Xj+x n Yk—j-i) in column j + 1 and row k is a shift 
of the term Xj—\(Xj n Yk-j) in column j and row k, that 
is 

■M(Xj-i(Xj n Yk-j)) - Xj(x j+1 n n. H ). (3) 



4 





u 


u 


u 




u 








X 


-i(x ny<) 


Xo(Xin^) 


Xi(x 2 ny) •■ 


■ x t 


-2{Xl- 


iny<) 


X e 


-!{XenY e ) 




u 


u 


u 




u 






u 




iftnti) 


x (*iny/_i) 


ii(x 2 ny M ) •■ 


■ X t - 


2(Xj-l 


ny<-i) 


X e - 


i(^ny M ) 




u 


u 


u 




u 






u 


x_ 






Xi(x 2 ny/_ 2 ) •• 


■ x t _ 


2PQ-1 


nKw) 


X e - 


i(Jf<ny w ) 




u 


u 


u 




u 






u 




u 


u 


u 




u 






u 


X. 


-i(x nY 2 ) 


X(Xny 2 ) 


x 1 (x 2 nY 2 ) ■■ 


■ x t . 


- 2 (Xe- 


inr 2 ) 


x t 


-i(Xny 2 ) 




u 


u 


u 




u 






u 


X. 


-i(x nri) 


Xo(XinFi) 


Xi(x 2 nii) •• 


■ x t 


-2(Xj- 


inFi) 


x t 


-i(^nFi) 




u 


u 


u 




u 






u 


X. 


-i(x ny ) 


Xo^nFo) 


Xi(x 2 nr ) •• 


■ x t . 




inr ) 


Xt 


-i(^nFo) 




u 


u 


u 




u 






u 




i(x nr_i) 


io(Xinr_!) 


Xi(x 2 ny_i) ■■ 


■ X t - 


2(^-1 


.nr_i) 


X t - 


i(^ny.i) 



(1) 



x_i(x n^) 




X!(x 2 ny_ 2 ) •• 


• x l _ 2 (x e _ 1 nY 1 ) 


u 


u 


u 


u 


i-i(i«nFn) 


Xo(X!ny_ 2 ) 


XtiXiHYt-a) •• 


• Xt-2(x t -inY ) 


u 


u 


U 


u 


i-i(ionF«- 2 ) 


XoiXiHYes) 


Xi(x 2 ny/_ 4 ) •• 


X/-2(1) 


u 


U 


u 




u 


u 


u 




x_i(x ny 2 ) 








u 


u 


U 






XoiX^Yo) 


*i(l) 




U 


U 






u 

X-i(l) 


*o(l) 













u 



(2) 



5 



Proof. Fix k, < k < I, and fix j, < j < k. We have Proof. Xj is a group. 



(Xj n Y k _ 3 )+ = {x j+1 n n-i-i)", 



(4) 



By definition, we have Xj = X j+1 and Y k + _j = Y k _-_ l . 



Then ([4} follows from Proposition |6] The result (|4| was 
previously given in pQ. 

Using @, wehaveTV^nYfc^-) = X (Xj + inyk_,-_i). 
Then ([3]) follows using Proposition [5] • 

The first column of the controllable matrix (0) will be 
important to us so we define Afe = Xq P\Y k , for < k < I; 
define A_i = Xq n Y-i = 1. We now show that row k of 
the controllable matrix is just A/"' ' fe ' (Afe), or just the path 
segments in C + on time interval [0, k] that start with a 
branch bo G Afe. 



Theorem 10 Fix k, < k < i. We have 
M j (A k )=X j _ 1 (X j nY k - j ), 



(5) 



for < j < k. And JV j (A k ) = Xj- X for k < j < £, 
AP (A fe ) = X e for j > £. The k th row of the controllable 
matrix is just the terms in A r [ ' fe '(A/ £ ). 

Proof. We prove by induction. Assume it is true for 
j — n. Then use ([3]) to show it is true for j = n+l. Then 
|H) shows the k th row of the controllable matrix is just 
the terms in Af [0 ' fc] (A fc ). • 

Using Theorem 1 101 we can represent a quotient group 
of terms in the same column of ([2|) and adjacent rows in 
two different ways: 



(6) 



for < j < k. 

We now show that terms in the controllable matrix in 
© can be related to certain paths in the trellis. Con- 
sider the portion of the trellis defined by the following 
projection: 

P[0,£] d = X[0,^](C[o,oo))- 

We call this portion of the trellis, P[oj] , the pletty. These 
are paths in the trellis which split from the identity state 
at time epoch 0. Note that pletty P [0/] = (X ). The 
branches in these paths are Xq at time epoch 0, X\ at 
time epoch 1, . . ., and Xg at time epoch I. The branches 
at time epoch j in the pletty are Xj , for < j < i. We 
call Xj the j th pletty section. Thus a pletty consists of 
the pletty sections Xq, X\, . . . , Xg. 

Proposition 11 Any pletty is a group, called the group 
pletty. 

Proof. The projection map is a homomorphism, so the 
image is a group [3]. • 

Proposition 12 Any pletty section is a group. 



The elements of Xj — Xj-i(Xj D Yt-j) form a sub- 
graph of the group trellis section B, where each input 
state at time j has |Xo| splitting branches and each out- 
put state at time j + 1 has \Xj D Yq\ merging branches. 
The right states of Xj, X^ , are isomorphic to cosets of 
Xj (~l Yq. The left states of Xj, XJ , are isomorphic to 
cosets of Xq. Then Xj is a subdirect product of XJ x X^ , 
a subgroup of the subdirect product B. 

Of course we know the right states of Xj, Xj~, are 
connected to the left states of Xj+i, XJ +1 , in the trellis. 
Thus the pletty sections connect to form the pletty. 

It can also be seen that column j of ©, < j < £, 
represents the coset decomposition of the quotient group 
Xj/Xj_i. The right states of branches in column j are 
the left states of branches in column j + 1, < j < £. 
And we have just seen in Theorem [10] that the k th row of 
the controllable matrix is just the path segments in the 
pletty that split from A&. Thus ([2]) gives a "picture" of 
the groups that occur in the group pletty. 

We can summarize the preceding discussion with the 
following theorem, which can be compared with Theorem 

HI 

Theorem 13 The controllable matrix is a description of 
the group pletty of a controllable group trellis. 

Proposition 14 A/" [0 ' fcI (A fe _i) and M^°^(A k ) are 
groups. 

Proof. A/"' ' 1 ^ (Afc_i) is the projection of all paths in C + 
that have first nontrivial component in Afc_i on the in- 
terval [0, k]. • 

Proposition 15 A/" [0 ' fcI (A fc _i) < A/" [0 ' fcI (A fe ) if and only 
i/A fc _i < A fe . 

Theorem 16 We have 

A^ fc ](Afc) Afe 



Art°. fe ](A fe . 



A 



fc-i 



Proof. The projection \o ■ J\f^°' k ^(A k ) — > A k is onto. It 
is a homomorphism with kernel A/"' ^ (1). The projection 
Xq : A/"' ' fe ] (Afe_i) — > Afe_i is onto. It is a homomorphism 
with kernel Af^°' k \l). Therefore, by the first homomor- 
phism theorem, 

A/-[°' fc ](A fc ) 
Afl°> fe l(l) ~ ' 
A/-[°< fc ](Afe-i 



A/"[°< fe ](l) 



Afe_ 



Now use the correspondence theorem and third isomor- 
phism theorem to complete the proof. • 

Proposition 17 A/" : ' (Afe_i) and N \A k ) are groups. 



G 



Proof. A/" J (Afc_i) is the projection of all paths in C + 
that have first nontrivial component in A k -\, or the pro- 
jection of A/"' 0,fc ] (Afc_i), on the interval Alterna- 
tively, see (0. • 

Proposition 18 AP'(Afc-i) <AP'(A fe ). 

Proof. See ©. • 

Theorem 19 For < j < k, we have 

A/-[°> fc ](A fe ) . A/*(A fc ) 



jV[°> fc ](Afc_i) ^"(A fc -i)' 

Proof. The projection Xj : Af [0 ' k] (A k ) -> M j (A k ) is 
onto. It is a homomorphism with kernel AT/c, the path 
segments in A/'' '' ' (A&) that are the identity at time j. 
The projection X] ■ N [0 ' k] (A fc _i) -> AP'(A fe -i) is onto. 
It is a homomorphism with kernel Kk-i, the path seg- 
ments in A/"'°' fc ] (Afe_i) that are the identity at time j. 
Therefore, by the first homomorphism theorem, 



A/-I°' fc ](A fc ) 
K k 

A^Afc-x) 
Kk-i 



:AP'(A fe ), 
: AP^Afc-i) 



But AT/,. = Kk-i since the path seqments that are the 
identity at time j are in Xo Pi Yj-\, and Ao flrj-i C 
Afc_i C Afe. Now use the correspondence theorem and 
third isomorphism theorem to complete the proof. • 



Define 



A 



def 



[0,fc] 



A/-[°' fc l(A fc ) 



Am^Afc-x)- 

For j = 0,1,..., fc, by the j th components of a 
transversal, we mean the set of branches which are the 
time j branch in each of the coset representatives in the 
transversal. 

Corollary 20 The j th components of a transversal of 
A[o,fc] are a transversal of 



A^Afc-i)' 



(7) 



for 0<j<k. 



Proof. Theorem shows that the projection Xj(Ar o fe i) 
gives a 1-1 correspondence between cosets of Amy and 
cosets of ([7]). Therefore the projection Xj of a transversal 
of A[ 0i fc] is a transversal of ([7]). • 

Corollary 21 For < fc < I, and < j < fc, we have 



Aj 



A-[°^](A fc „ 1 ) " A^A^)' 



Remark: This result can be regarded as a rectangle cri- 
terion for a controllable matrix, with A k , Afc_i, JV^ (A k ), 
and J\fi (A k -i) as the corners of a rectangle in ([2]). It 
is similar in spirit to a quadrangle criterion for a Latin 
square [TT5] or a configuration theorem for a net [13]. In 
fact, the rectangle condition can be generalized further 
by starting with groups A^ and A k - m , for m > 1. These 
more general results are not needed. 

Corollary [21] shows the controllable matrix preserves 
quotient groups. For < fc < £, and < j < k, define 
quotient group 

Qj,k = f AP'(A fc )/A/°'(A fe _i). 

The <5j,fc are the factor groups of the normal chain given 
by the controllable matrix, as shown in (|16[) on page 10. 
Corollary Hi] gives Q ,fc — Qi,k — • ■ • — Qj,k — • ■ • — Qk,k 
for < fc < I. We use this result to obtain a natural shift 
structure of the controllable matrix in Section 6. 

We now show the Forney- Trott generators are a 
transversal of A[ 0j fc] , and therefore components of the gen- 
erators are a transversal of Qj lk , < j < fc. Forney and 
Trott [3] define a generator for a group code C using the 
quotient group 

C[o, k ] 
C[o,fe)C(o,fc] 

We can transcribe their approach to the 



for < fc < 
group trellis C, used here, as 



del' 



a 



[0,k] 



[0,k] 



C[o,fc)C(o,fc] 



where quotient group r^fc] is called the granule [3]. Let 
[T[o,fc]] be a set of coset representatives of rr o fc ]. We al- 
ways take the coset representative of C^^C^j^ to be 
the identity sequence. In case ^[o >k ] is isomorphic to the 
identity group, the identity sequence is the only coset 
representative. We call the coset representatives of ^[o, k ] 
generators go,k- A nonidentity generator go.fc is an ele- 
ment of C[o,fc] but not of C[o,fe) or 01 C(o,fc] > so its span is 
exactly fc + 1. Thus every nonidentity generator go^- is a 
codeword that cannot be expressed as a combination of 
shorter codewords [3]. 

For two sets Hi,H2 C B such that = H 2 , de- 
fine the concatenation of H\ and H 2 , H\ A H 2 , to be all 
the (valid) trellis path segments of length two with first 
component in Hi and second component in H 2 . 

Lemma 22 The set of paths formed by the concatenation 
of groups 



,l,lA(X nY fe )A- 



• A ( Xj n Y k _ j ) A ( Xj + 1 n Y k _ j _ 1 ) A • • 

• ••A(A fc ny )Ai,i,... (8) 



is C[o,fe]- 

Proof. From (|4]), we know 



(A,nn._,)+ = (A J+1 nr fe _,_ 1 )- 



7 



This means the set of paths formed by the concatenation 
of groups in (j8]) is well defined: for any branch b € Xj (1 
Yk—j, there is a branch b' £ H Yk-j-i such that 

b + = b~, and (b,b r ) is part of a path. The paths consist 
of code sequences which split from the identity state at 
time epoch t > and merge to the identity state at time 
epochs t < k + 1. 

Fix integer k such that < k < £. Let c be a sequence 
in C[o t k]- At time epoch j, < j < k, Cj must be in 
Xj, but cannot be in X mi m > j. Similarly, Cj must be 
in Yfc-j . Then cj £ Xj n Yk-j for all j £ [0, fc]. Since 
([8]) contains all code sequences whose component Cj £ 
n Yk-j for all j £ [0, k], then c is in ((8|). Conversely, 
any path in (j8]) must be in CVfci . • 

Lemma 23 for j, < j < k, we have Xi(C[o,fe]) — 
Xj nYfc-j. For example, this means X$C\Yk — Xo(C[o,fc]) 
and Y Q nX k = Xk(C[o,k])- 

Proof. From ([8]), we know Xj(C[o.fc]) C Xj n ^fe-j- 

For any b £ Xj n lfc-j, there is a sequence c £ C[ 0) fc] 
such that Cj = b. Then we know Xj n j C Xj(C[o,fc])- 
Then Xj (C[o,fc] ) = n F fc _j . • 

Lemma 24 We have 

X[o, fc ](qo, fc ])c^ fc ](A fc ), (9) 

and 

X[o^](qo, &) qo, fc ])c^ fc ](A fc _ 1 ). (10) 

Proof. We have ((9]) holds if and only if Xo(C[o,fc)) C 
Afe. But this follows from Lemma [23] We have (p~0|) 
holds if and only if Xo(C[o,fc)C(o,fc]) c A fe _i. But 
Xo(C[o,fe)C(o,fc]) = Xo(C[o,fc)) = Afc_i. • 

Theorem 25 There is a one to one correspondence /j. 
between cosets o/r^fc] and Afofci, given by 

A* : C[o,fc)C ( o,fc]C ^ A^A^co), (11) 

/or c £ C[ ,fc], wAiere Xo(C[o : fc)C(o,fc]c) = A fe _ic , and 
Co = Xo(c) ; suc/i i/iai 

X[o,fc](qo,fe)C(o, fc] c) C^ fc ](A fc _ lCo ), (12) 

and 

rpjjt] — A[ ,fc]. 

Proof. We have that (|12l) holds if and only if 
Xo(C[o,fc)C(o,fe]c) C A fc _ic . But 

Xo(C[o,fc)C(o,fc] c ) = Xo(C[o,fc) c ) 
= A fe _ic . 

This shows (|12|) . Then we can properly define the 1-1 
correspondence [i between cosets of ^[o,k] and Am w as 
given in (fTTj) . 

Forney and Trott [3] define an input chain Fq C 
ft C ■•■ C F/ by the projection F k d = xo(C[o,fc]) for 



k = 0, 1, . . . Using Lemma l23l this gives Fk = Afc. In 
their Input Granule Theorem [3j, Forney and Trott show 
that Tfo.fc] ~ Ffe/F fe _i for k such that < k < I. Then 
we have 

T[o,fe] — Fk/Fk-i — Afe/Afe_i. 
Then using Theorem 1161 

rp.fc] — A fc /A fc _i ~ A[o,k]. 

Following the correspondences given in the Input Granule 
Theorem of [3] and Theorem [16] shows that the isomor- 
phism r [0)i! ] ~ A[ 0jfe] is given by fi. • 

Corollary 26 Let [Trow] be a set of generators which is 
a transversal ofT[ 0ik ]. Then {x[o,fc](go : fc)|go,fc G [T[o,k]]} 
is a transversal o/AmM. 

Fix k such that < k < £. Let generator go,fe £ [I^qm], 

go.fe = ... ,1, l,r ,k,ri t k, ■ ■ -,rj,k, ■ ■ -,n,k, 1,1,..., 

(13) 

be a representative in a transversal of rVw . From (J8J) we 
know component r^fe is an element of XjPiYfc-j, and from 
Corollaries [26] and [20] we know r^fc is a representative of 

A/^(A fc ) ^niy 
^ A/-i(A fc _0 Xj.iCXjny^x)' li4j 

for j = 0, 1, . . . , k. Thus the transversal [Tro,fci] gives a 
set of transversals 

[ro,k],[ri,k], ■ • ■ ,[ r j,k], ■ • ■ ,[ r k,k], 

where [rj,k] is a transversal of (fl4]) . for j = 0,1, ... ,k. 
Since this is true for each k, < k < t, we can obtain 
the matrix shown in ([T7|) on page 10. It can be seen that 
array ([17]) corresponds to the controllable matrix ([2]) and 
[rj t k\ corresponds to group elements in the controllable 
matrix. The controllable matrix gives a normal chain of 
B, and the group elements of (|17[) form a complete system 
of coset representatives of the normal chain. Thus any 
branch 6 £ B, and any b t £ B, can be written using 
elements of ([17]) as 

bt = r Qi0 r 0tl r 0t 2 ■ ■ ■ r Qt £r 1A ■ ■ ■ ri^r 2 ,2 ■ ■ • 

• ■ ■ r j,3 ■ ■ ■ r j,k ■ ■ ■ rj,i ■ ■ ■ r e< t, (15) 

where the terms in product (rjj ■ ■ ■ rj^ • ■ ■ fj,t) are coset 
representatives from the j-th column of (IT7|) . < j < I. 

Theorem 27 The j th components of generators go.fe £ 
[r[0,fc]]j f or < J < fc, for < k < £, form a complete 
system of coset representatives for the normal chain of B 
given by the controllable matrix of {Xj} and {Yi}. 

The following theorem is interesting but not essential. 
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Theorem 28 The j component, < j < k, of a gener- 
ator go,fc G [r[o,/c]] is an element of Xj n Fj_j taken from 
cosets of 

(x j nF fc _ j _i)(x J -_ 1 nr fc _ j )' 

and m /aci, 

^(A fc ) ftny M ) 

^(Ajt-i) ~ (^nn-HJ^-inyH)' 

The theorem is easy to prove (see [TB]) using §§§ and 
the following lemma, excised from the proof of the Zassen- 
haus lemma (see p. 100 of [10]). 

Lemma 29 (from proof of Zassenhaus lemma) Let 

U < U* and V < U* 6e four subgroups of a group G. 
Then D — (U* C\V){U nV) is a normal subgroup of 
U* n V* . If g G U(U* n V*), then g = uu* for u G C7 
arwi a'et/'nr. De/me function f : U(U* H V*) -> 
(Z7* n V*)/L> 6y /(g) = /(wu*) = Dm*. J7ien / is a well 
defined homomorphism with kernel U (U* D V) and 

u{u*c\v*) ^u*nv* 
u{u* n v) ~ d ' 

We can extend Theorem [27] to show that the compo- 
nents of generators go,fc G [Trow] form a complete system 
of coset representatives for two normal chains. Define 
A'f, — Yq n X k , for < k < I, Define the previous branch 
set V(b) to be the time reversal of Af(b). Define quotient 
group 

def P^(A' k ) 

A [<U] 7?[o,fc](A' fe _ 1 )' 

where V^ 0,k ^ is the time reversal of A/"' 0,fc l. Using these 
definitions, the arguments in Lemma UMl and Theorem [231 
can be reversed in time. In place of the input chain [3], 
the last output chain |3| is used. This gives the following 
time reversed version of Theorem [231 

Theorem 30 There is a one to one correspondence fj,' 
between cosets o/T^fc] and Aj ofc j, given by 

M' :C [0ik) C {0M c^V^(A' k _ 1 c k ), 

for c G C[ ,fc], where Xfc(C[o : fc)C(o,fc]c) = A / fe _ 1 c fe) and 
c fe = Xk(c), such that 

X[o,k]( C [o,k) G io,k] c ) c V [ ° M (K-iCk), 

and 

r ~ A' 

1 [0,fe] — A [0,fc]" 

Corollary 31 Let [Fm J be a set of generators which is 
a transversal ofT [0ik] . Then {X[ ,fc](go,fc)|go,fc G [T[ 0)fc ]]} 
is a transversal of A', Q „ . 

Combining Corollaries [26] and [31] gives the following 
extension of Theorem l27l 



Theorem 32 The j components of generators go.fe G 
[Tro.jfe]] * for < j < k, for < k < t, form a complete 
system of coset representatives for two different normal 
chains, the normal chain of B given by the controllable 
matrix of {Xj} and {Yi}, and the normal chain of B given 
by the controllable matrix of {Yi} and {Xj} (of course a 
different ordering of the coset representatives is used for 
the two normal chains). 

For integer I such that < I < £, define B^ to be the 
branch group of the ^-controllable subcode [3], and {Xj} 

and {Yi } to be normal chains of the subcode analogous 
to {Xj} and {Yi}. In a similar way we can show generator 
go,fc can be used for the Z-controllable subcodes. 

Theorem 33 Fix I such that < I < £. The j th com- 
ponents of generators go, fc G [T[ 0yk ]}, for < j < k, for 
< k < I, form a complete system of coset representatives 
for two different normal chains, the normal chain of flW 
given by the controllable matrix of {Xj } and {Y i }, and 
the normal chain of B^ given by the controllable matrix 
of{Y^ l) }and{xf ) }. 

5. ENCODER FOR {Xj} AND {Y,} 

An encoder of the group trellis is a finite state machine 
that, given a sequence of inputs, can produce any path 
(any sequence of states and branches) in the group trellis. 
An encoder can help to explain the structure of a group 
trellis. We give an encoder here which has a register 
structure and uses the same generators as in [3], but the 
encoder is different. 

For each g ,k G [Tro w], < k < £, and each time t, 
let gt,k be the time shift of go,fc; gt,k is the same as the 
identity path outside the time interval [t,t + k]. We say 
gt,k is a generator at time t. Let [r be the set of 
generators g t ,k, < k < £. 

Fix time t. We now show how to realize any element 
rj >k in (TT51) at time t. First rewrite (TT5t as 

& *=n (n^) ■ ( i9 ) 

i=0 \k=] j 

For any element rj :k in ([TTJ]) . < k < £ and < j < k, 
there is a gt-j,k G [T [t _^ t _ J+k] ] such that 

Xt(gi-i.fc) = r jt k- (20) 
Therefore we can rewrite (fH?)) as 

& *=n (tiMst-^)) ■ (21) 

j=0 \k=j j 

Thus we have shown any element bt G Bt can be written 
using generators selected at times in the interval [t — £,t], 
i.e., generators 

gt-j,k, for j = 0, . . . , £, for k = j, . . . , I. 
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Qo,e Q\,i 
Qo,e-i Qi,e-i 



Qj,e 

Qj,e-i ■ ■ 



Q 1-1,1 
Q 1-1,1-1 



Qe 



Qo,k Ql,k 



Qj,k 



Qk,k 



(16) 



Qo,2 

Qo,i 

Qo,o 



Ql,2 Q2,2 

Qi,i 



[ro,t] [n,e] [rj,e] [ r l-iA \ T tA 

h^-i] [ri,e-i] [ r i,l-i\ [re-i.i-i] 

[ro,k] [n,k] [rj.k] 



[ro,2] [ri,2] ^2,2} 

[ro,i] [ri,i] 
[ro,o] 



(17) 



Uqj Ui.i 

Uo,e-i Ui.e-i 



U, 



u. 



j,e-i 



Ue-i,t 
Ue-i,e-i 



Uo.k Ui.k 



■ U 3,k 



Uk,k 



(18) 



Uq.2 U1.2 U2.2 

U ,i C/1,1 
U ,o 
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We will define an encoder based on ([2~Tj) . We can 
rewrite bt to separate out the j ' = term as 

t 

bt=l[xt(St,k) (22) 

fc=0 

IT (lIxt(g*-M)] ■ (23) 

j=l \k=j J 

The term in ([22]) is just an element x f G Xo. Note that 
x t is a function of generators at time t. We will think of 
Xt as an input of the encoder. The term in (|23[) is just 
a branch b t (z B t ; it corresponds to the branch obtained 
when xt = 1. Note that & t is a function of generators at 
times t', i' < i. We can rewrite bt as 6t = Xtb t , where 
b t G B t and 

Note that &t can take on \B/Xq\ different values, and each 
value is in a distinct coset of B/Xq. Thus there is a one 
to one correspondence between the set of bt, {bt}, and 
cosets in B/Xq, {b t } <-> B/Xq. Thus we can think of bt 
as a state of the encoder. 

We propose an encoder based on ([2~Tj) which has the 
same form as (|2"T|) for each time epoch. Accordingly, the 
form of the encoder for time t + 1 is 

bt+i = n Wxt+i{^t+i-j,k)- 

3=0 k=j 

We can rewrite this to separate out the j = term: 

^i=n»+i(gi+i,*) (24) 

k=0 

e i 

= 1 k=j 

The term in (|24|) uses I + 1 new generators at time f + 
lj St+i ki f° r ^ = 0) ■ ■■,£■ It is the new input Xt+i G 
Xo. Let 6 t+ i be the term in ([25]) . We see that b t +i uses 
generators g' t +i-j,k at times in the interval [t — £ + 1, t]. 
We complete the specification of the encoder by re- 
quiring that the generators in (f25j) . or b t +i, used by the 
encoder at time t + 1 be the same as the generators used 
by the encoder at time t. In other words, we require 

St+i-j,k ~ gt+i-j',* 
for j = 1, . . . , I, for k = j, . . . , Then 

^+i = n n xt+i(gt+i-i,fc)- (26) 
j=i k=j 



The encoder output at time t + 1 is 6t+i = Xf+i&t+i. 
Thus the encoder uses a sliding block encoding of the 
past, given by bt+i, with new inputs at each time epoch, 
given by Xt+i- With this definition of the encoder, note 
that for any input Xt+i to the encoder, (bt, bt+i) is a trellis 
path segment of length two. In particular, for x t +\ = 1, 
we have (bt, fej+i) is a trellis path segment of length two. 

We now verify that given an arbitrary path c* in the 
group trellis, the encoder can track it perfectly, i.e., pro- 
duce the same path. First we give a useful lemma. We 
think of the encoder as an estimator. 

Lemma 34 Let c and c* be two paths in the group trellis 
C: 

c = . . . , b t ,bt + i,b t+ 2, ■ ■ ■ 

C — . . . , O t , O t+1 , t+2 , .... 

The two trellis paths are arbitrary except that at time t, 
b t = b\ . Then at time t + 1, b t +\ is in the same coset of 
B/X as i.e., b^i G Xobt+i- At time t + 2, bt+2 
is in the same coset of B / X\ as b*, 2 - ^ n general at time 
t + j, j < £, bt+j is in the same coset of B/Xj-i as b% + j. 
For time t + j , j > £, bt+j is in the same coset of B/X# 
as b* t+ p this coset is just B. In a similar way, at time 
t — 1, bt-i is in the same coset of B/Yq as 6J j . 

Proof. We have N(b t ) = N(b* t ), so b t+ i and are in 
the same coset of X$. The rest of the proof is analogous. 
• 

We can think of c as a path which estimates c*. The 
lemma shows how the estimation degrades as time goes 
on when it is perfect at t = 0, for two otherwise arbi- 
trary paths. Note that the conclusion of the lemma is 
unchanged if, instead of one path c, we use a finite num- 
ber of paths to estimate c* . 

We now show that the encoder can track arbitrary path 
c*. Fix time t. The branch in c* at time t is b^ . First we 
show that the encoder can produce the initial condition 
b* t . But we already know the encoder can produce any 
branch b t — b* t (see (|2"T|) ). Thus at time t, the encoder 
can produce the branch b* t in c*. 

Now we show the encoder can track path c* . First we 
show the encoder can track c* at time t + 1. First find 
b t +i as given in ([26]). We know (b t ,b t +i) is a trellis path 
segment of length two. Therefore we know from Lemma 
[M]that G X bt+i. Thus there exists £ t +i G X such 
that b* +1 — Xt+ibt+i- Now select £+1 new generators at 
time t + 1, gt+i.fc, for k = 0, . . . , I, such that 

l 

\ [ Xt+i(gt+i,k) = xt+i. 

k=0 

We know this is possible since Xt+i G Xq and the first 
column of (fl7|) is a coset decomposition of Xq. With 
input Xt+x at time t + 1, the encoder output is given by 
xt+ibt+i = bt + i- Thus we see that with proper input 
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Xt+i, the encoder can track path c* at time 4+1. We can 
repeat this same argument for succeeding time epochs. 

We can observe several features of the encoder. The 
term in the parentheses of (f2Tj) is some function of t — j, 
say h t -j. Then b t = IXj=o ht-j- Thus the encoder has the 
form of a time convolution, reminiscent of a linear system. 
The Forney- Trott encoder [3] and Loeliger-Mittelholzer 
encoder [4] do not have the convolution analogy. 

Note that if we apply input Xt = Xt(gt,k) a t time t to 
an encoder in the identity state, the output is just 

Xt+n(gt,k), for n = 0, 1, . . . , 00. 

Thus the output response of the encoder is the input gen- 
erator. This is reminiscent of the impulse response of a 
linear system. 

6. A NATURAL SHIFT STRUCTURE 

6.1 The controllable matrix as a shift structure 

In view of the controllable matrix ([2]) , and (|17|) , a nat- 
ural interpretation of the encoder is shown in Figure [1] 
The encoder consists of £ + 1 registers, where the j th 
register, j = 0, 1, . . . ,£, contains the information (coset 
representatives) in quotient group Xj/Xj-i. At the next 
time epoch, the register containing Xj/Xj-i is shifted 
or "shoved" into the register containing Xj + i/Xj. The 
interpretation of the registers shown in Figure [T] is some- 
what different from the classic interpretation of a shift 
register. 

£ 
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X f X2 Xi 

X± Xq 1 

Figure 1: Shift structure. 

As time increases, we can imagine that the shift struc- 
ture in Figure [T] slides along the controllable matrix from 
left to right in convolutional fashion. Then the registers 
of Figure [1] are successively filled with X , Xi/X , and 
so on. 

We represent the shift structure as a bank of inde- 
pendent shift registers in Figure [2] There is a natural 
relationship between the shift register bank in Figure [5] 
and the quotient groups Qj lk of the controllable matrix 
in (Ql]). For < k < £ and < j < k, define U jlk to be 
the set of integers 0, 1, ... , \Qj.k\ — 1- For < j < k, we 
associate an integer Uj )k £ Uj ik with a coset AP (Ak-i)g 



in quotient group Qj t k, denoted by J\f J (A k -i)g <->• Uj tk , 
in the following way: for < j < k, if (Afc_i)<? M> Uj )k 
then M{M 3 '(A k -i)g) H> where Uj+i tk = %,fc- 

This can be regarded as a shift map Q tk : Uj yk — > Uj+\ tk , 
given by the assignment Q ik : Uj t k >-> Wj+i.fc, which mod- 
els a register row in Figure [2] Then we can represent the 
shift register bank in Figure [2] as a triangular matrix of 
£ + 1 rows and £ + 1 columns over the sets Uj^, of the 
form shown in (fT8|) on page 10. We let U be the set of all 
triangular £ + 1 by £ + 1 matrices of the form (fTE)) . Let 
u be an element of U, that is a triangular £ + 1 by £ + 1 
matrix. 

Note that if Ak/Ak-i is trivial, i.e., A^/Ak-i = 1, 
then the transversal of A [0 ,jb] = (A k )/Af [0 ' k] (Afc-i) 

is trivial and the generator representative go,fc is selected 
to be the identity sequence. Then Qj.k = 1 for < j < k, 
and Uj tk = for < j < k. This means there is a trivial 
row of k + 1 zeros in (|18|) and a trivial register row in 
Figure [2] always filled with k + 1 zeros. 

£ 
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Figure 2: A shift register bank. 

Let Uj be the set of all columns of U, < j < £, and 
let Uj be an element of U,-. Then u = (uo, . . . , u^). A 
column Uj is an £ — j + 1 by 1 vector of the form 

u 3 = ( u 3 j ■■■ u j>k ••■ u jd ) T , (27) 

where each Uj tk , j < k < £, is an integer in Uj, k . We 
denote a column with all entries by 0. We define a shift 
map C7j : Uj — > U, +1 on columns Uj, < j < £, by the 
assignment 

a 3 : Uj ^ Uj+i, 
where Uj + i is the £ — j by 1 vector with components 

( uj+i.e ■■■ Uj+i >k ■■■ Uj+ij+i ) T . (28) 

In other words, for k > j each component Uj+i jk of Uj + i 
is just a shift of component Uj tk of Uj, using Cj.k '■ Uj jk i— > 
Uj+i tk where Uj+i tk = Uj, k - Then it can be seen that U 
and shift Oj model the shift register bank in Figure [2j We 
abbreviate <7j(uj) as 0jUj. 

In this paper, we only consider directed graphs. A 
directed graph T> is defined by a set V(X>) of elements 
called nodes (also states), a set £(T>) of elements called 
edges, and an incidence relation between nodes and edges 
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which associates with each edge an ordered pair of nodes, 
called endpoints. 

We now associate a graph T>jj with U. Each triangular 
matrix ugUis associated with an edge in 2?u. The last 
I columns of u are a triangular £ + 1 by £ matrix u s , 
associated with a node in T>\j. u s is an element of U s , 
the set of all triangular £ + 1 by I matrices formed by the 
last I columns of U. 

Lemma 35 In T>u, edge u = (uo, Uj., . . . , u^) has end- 
points (u a , Ub), where u a = (ui, . . . , u^), the last £ compo- 
nents of u, and u& = (<7oUo, 0iUi, . . . ,af_iUn), a shift 
of the first £ components of u. 

Then it can be seen that T>u is a graph which models the 
shift register bank in Figure [2j 

6.2 The graph automorphism group of the shift 
register bank 

Let V and H be directed graphs. Let ip s be a 1-1 
mapping of V(T>) onto V(TL), and tp e a 1-1 mapping of 
£ (T>) onto £{%). Let tp denote the ordered pair (tp s ,tp e ). 
We say that tp — (tp s , tp e ) is an isomorphism ofT> onto H 
if the following condition holds: if edge e has endpoints 
(a, 6), then edge tp e {e) has endpoints (tp s (a), tp s (b)). Note 
that once tp e is specified, then tp s is determined and thus 

SO is tp = (ip s ,(p e ). 

An automorphism of a graph T> is an isomorphism 
of T> onto T>. The set of automorphisms of a graph T> 
forms an automorphism group Aut(£>), where the group 
operation is composition, and the composition of two au- 
tomorphisms tp and if', ip o tp', is formed as <p o tp' = 
{<Ps ° v' s ,<Pe o <p' e ), where tp = (tp s ,tp e ) and tp' = (<p' s ,ip' e ). 

We want to find the automorphism group of T>\j, 
Aut(X>u). If f = {fsi fe) is to be an automorphism of 
T>u, we know that tp e : U — > U and </? s : U s — >• U s 
must be 1-1 and onto. Define a component form of tp e 
by tp e = (<p e ,o,---,<Pe,t) where function tp e j : U ->■ Uj 
gives the j t/l component of <y9 e , j = 0, Similarly, 
let y> s = (<p s ,i, ■ • ■ , Vs^) where function tp S; j : U s — > Uj 
gives the j*' 1 component of ip s , j = 1, ...,£. Also, in or- 
der for tp to be an automorphism, we must have that 
if u has endpoints (u a ,Uf,), then tp e {u) has endpoints 
(tp s (u a ),tp s (ub)). Let us use Lemma 1351 to see what this 
implies about tp e and tp s . First, it means that the last £ 
components of tp e (u) are tp s (u a ), or 

<p s ,j(ui,...,ut) = y e ,j(u ,ui, . . . ,u e ) (29) 

for j — 1, ...,£. Second, it means that tp s (ub) is a shift 
of the first £ components of tp e (u), or 

<Ps,j(o-oU. , . . . ,t^_iUf_l) = (7j_l^ e ,j_l(U0)Ui, . . . , Uf), 

(30) 

for j = l,...,£ 

We now examine (|2"9")1 and (|3"0"|) further. The left hand 
side of ((29)) is a function only of u%, . . . , ug, so tp e j cannot 



be a function of Uo for j = 1, . . . , £. Thus we can rewrite 
([29]) as 

(p Stj (ux,...,ue) = (p e j(-,u 1} ...,ue) (31) 

for j = !,...,£, where a dash indicates tp e j is not a func- 
tion of that component. We can use this result in ([50)1 to 
obtain the set of equations 

Ve,l(-, o- u , . . . ,CTf_iUf_i) = er <y5e,o(uo, Ui, . . . , u*), 

(32) 

and 

fe,j(—, ^OUO, • ■ • , 0£-lU£_i) = CTj_xV?e,i-l( — j Ui, . . . , Ug), 

(33) 

for j =2,...,l 

We can reduce the set of equations (|33|) further. Start 
with j ' = 2, 

^e,2(-,croUo, . • . , ff£-lU £ _i) = <Xi<p e) i(— , Ui, . . . , U*). 

Fix Ui , . . . , u.£ on the right hand side; then the value of 
the right hand side is fixed. Since Ui, . . . , U£ are fixed on 
the right hand side, ciUi, . . . , a£-\U£-\ are fixed on the 
left hand side. Then to have equality, tp e ^ cannot be a 
function of ooUo, or 

<Pe,2{-, ~, ClUi, . . . ,0^_xUi_i) = aitp et i(—,Ui, . . . ,Ui). 

(34) 

Now look at the case j ' = 3, 

^e,3(-,O- U , . . . ,0-£_iU*_i) = (T2^e,2(-,Ui, . . . ,U e ). 

Using the result we obtain 

Ve,3(— ) CoU , . . . ,(7£_iU£_i) = CT2<y3 e ,2(-, , U 2 , . . . , Ui). 

Now fix U2 , . . . , U£ on the right hand side. Then to have 
equality, tp e ^ cannot be a function of ctqUo or aiUi, so we 
have 

ye,3(— , — i -,cr 2 U 2 , . . . ,(Ti-lUf_i) = 

0'2^ e ,2(-,-,U2,...,U £ ). 

Continuing this process in the same manner, we finally 
reduce the last equation, j — I, to 

— , CTf_lU£_l) = 

o~e-i<Pe,e-i(—, u^-i, u^). 

Summarizing our results, we can rewrite (|33|) as 

<Pe,j(—i — >• • — )°j-1 u j-1) ■ • • , Cf-lUf-l) = 

0"i-lVej-l(— ) ->•••-! Uj-i, . . . , Ui) (35) 

fori = 2,...,£ 

Equations (|32[) and (|35|) show that tp e j is only a func- 
tion of the last £ — j + 1 components, for j = 0, . . . ,£. We 
can formalize this information by using a new notation. 
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For j = 0, ...,£— 1, define a function <^ : XJj X • • • xU< — > 
Uj by 

fa(Uj\Uj +1 , ...,U £ ) = f ^ e ,j(-, ~, ■ • ■ -,U i ,U J - + i, . . . ,U £ ), 

and for j = £, define 

fa(ui) d = Ve,j(-, -, ■ • ■ -,u^). 

Then </? e = (<^>o> <^i, • • • , fa), and we can rewrite (|32|) and 
([33)1 as 

(^■(cr^iUj-ilcryUj, . . . , cr^-iU^i) = 

CTj—x^j-i (uj-i |u.j, - ■ • , w) (36) 

for j = 1, ...,£— 1 , and 

^(ct^_iU^_i) = cr^_i^_i(u^_i|uf) (37) 

for j = £ Note that (|3"6"|) - (l3"T|) can be explained using 
commutative diagrams. 

For j = 0, ...,£— 1, for each fixed (u 3 -+i, . . . , u^) e 
Uj + i x • • • x Uf, the function <£j(u 3 |u 3 +i, . . . , u^) is a 
function fa. : XJj x (uj+i, . . . , u^) — > XJj, essentially a 
function indexed by (u 3 -+i, . . . , u^) with domain XJj and 
range a subset of XJj. Note that when the range is all 
of XJj, it is well defined to say <fij(uj\\ij + i, . . . ,u^) is 1-1 
and onto. The following technical lemma is crucial, but 
the proof is straightforward using finite induction. 

Lemma 36 ip e — (fa, . . . , fa) is 1-1 and onto if and 
only if fa. (u 3 |uj + i , . . . , u^) is 1-1 and onto for each fixed 
(u 3+1 ,...,u e ) £ U 3+ i x •■• x Ui, for j = 0, ...,£- 1, 
and fa is 1-1 and onto. 

Using Lemma l36"l we are able to characterize an auto- 
morphism of £>u as follows. 

Theorem 37 ip = (ip s ,ip e ) is an automorphism ofT>u if 
and only if (p e = (</> , </>i, • ■ • , <f>l) and ip s = (fa, fa), 
where ^-(ujluj+i, . . . , u^) is 1-1 and onto for each fixed 
(Uj + i, . . . , u e ) e U i+X x • • • x XJ e , for j = 0, . . . ,t - 1, 
and fa is 1-1 and onto, and &36\) - [37\ l is satisfied for j — 
!,...,£. 

We can solve the set of equations (|36|) - (f5T|) by starting 
with j = £ and working backwards. For j = £ — 1, . . . , 0, 
for each (u 3+ i, . . . , u^) £ Uj+i x • • • x XJg, define the 
function f3 3 -,(u 3 |u 3+ i, . . . , u^) to be a permutation on XJj 
indexed by (uy+i, u e ), i.e., (3j(uj\u j+1 , . . . ,u t ) is a 1- 
1 and onto function /3j(u 3 |u 3+ i, . . . , Uf) : XJj — > XJj. We 
will construct permutation fij( ■ |u 3+ i, . . . , u^) : XJj — > XJj 
using permutations ftj,k( • l u j+ij • • • > u i) '■ Uj >k — > XJj, for 
j < k < £. If fJj is to be 1-1 and onto, then the images of 
f3j ; k, for j < k < £, must be disjoint, and the union of the 
images must be all of XJj. We will show that fa : k must 
have image Uj <k , or fa ik ( ■ \u j+1 , ...,u t ) : U Jik -> Uj ;k . 

First, for j = £, pick any permutation fa on U^. 



Next for j = £ — 1, we must solve the equation 

i /3£_i(u£_i | u £ ) = /^(<7e_iU£_i), (38) 

where 

u£_i e (Ui-ij Ut-i^-i) T , 

and 

ffnun = u e e (Ui i i) T . 

We know that fa is 1-1 and onto, and so fa( ■ ) : Ut t — > 
Ui t i. If fa— i is to be 1-1 and onto, studying the commu- 
tative diagram given by (|3"5)l shows that fa-i must take 
Ut-i,e to Ut-ij, or fa-i,e(- \u e ) : Ut-\,n -> Ui-\,i. Then 
we must have 

^t-x,ifa-x,t\^t-x,i\^-i) — f3e,e{Q-i,iUe^i,i), 

which can be written as 

fa-i,t{ui-i,e\ui) — fa,e(u e -ij). 

Since fa-\ takes Ui-n to Ui-n, then we know fa-i 
must take C/f_i/_i to Ui—x^-i- Then the permuta- 
tion fa-x,t-\ must satisfy fa-x,t-\{-\vit) : -> 
Ut-i t t-\, but is otherwise arbitrary. 

In general, for arbitrary j , < j < £, we have that 
/8j ) fc(ttj ) k|u J -+i, . . . , Uf) : {/ 3i fe — > Uj.k is a permutation sat- 
isfying 

/Sj+l,fc(%,fc|Oj + lUj + l, . . . , C7£_lU^_l). 

for j < k < £, and /3 3j fe(tt 3i fc|u 3 +i, . . . , u^) is arbitrary 
for j = k. In this way we obtain the following theorem, 
written as an algorithm. 

Algorithm 38 Any solution of the set of equations L36\)- 
Jff7| ) which is an automorphism of V\j can be found as 
follows. 

1. Pick any permutation fa on XJi. 
2. 

FOR j = £ — 1, . . . , (working backwards in order), 
FOR k satisfying j < k < £, 

for each (iij+i, . . . , u^) G ^Jj+l x ••■ x XJi, let 
Pj,k(uj,k\vij+i, . . . , Ui) : Uj t k — > Uj t k be the permutation 
on Uj t k satisfying 

Pj,k(Uj,k\Uj+t, ■ ■ • , Uf) = 

Pj+i,k(uj,kWj+iUj+i, ■ ■ ■ j ffnUf-i)- (39) 

ENDFOR 

FOR k = j, 

for each (u j ,U(.) £ ^Jj+1 X ••■ X XJi, let 
Pj,k{uj,k\u.j+i, . . . ,\ii) : Uj.k — > Uj t k be any permutation 
on Uj t k- 
ENDFOR 
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For each (\ij+i, . . . , u^) G Uj+i x • • • x Ug, define a per- 
mutation /3j(uj-|Uj-_|_i, . . . , u^) : XJj — > XJj using permuta- 
tions j3j t k(uj t k\vij+ii • ■ • , w) '■ Uj.k — > Uj.k for k such that 

j <k <e. 
ENDFOR 

3. Set tp e = (p , • ■ • , A), <£> s = . . . , fit), and (p = 
((p s ,ip e ). Then tp is an automorphism ofT>\j, and the set 
of ip obtained this way is the automorphism group o/Du, 
Aut(Du). 

We now show the automorphism group can be de- 
scribed using less memory in the index . . . , u^) of 
Pj(-\uj + i,...,u e ). For < j < £ and < k < £, we 
define a column Uj l>k in the following way. If j > k, then 

dcf 

u j,>k = Uj. If j < k, then Uj is of the form 

Uj = ( u hl ••■ u hk +i %,fc ■■■ v,j t j ) T , 
and we define Uj >k as 

u j,>fc = ( u iA u j;k+i ••• ) T . 

In other words, the elements Uj i for j < i < k are set 
to 0. (If k = £, then all elements are set to 0.) For 
Uj , u ^ G Uj , define an equivalence relation Uj = u'j if 
and only if Uj t > k — u 'j >k - Then for each fixed j, k such 
that < j < I, < k < £, the equivalence relation 
= defines a family of equivalence classes which partition 

In the following algorithm, we are interested in permu- 
tations • |uj+i ( >fc, . . . , u^>fe), < j < £, with indices 
(uj + i >fc, . . . , Uf t> k) having a memory of at most n, where 
n < £ — fc; that is indices of the form 

(u,+i,> fc , . . . , u,_. /,.(). . . . , 0) € U J+ i x • • • x U e , (40) 

where (0, . . . , 0) E U J+K+ i x • • • x U^, and n satisfies 
j + 1 < j + « < £, with n<£-k. 

Algorithm 39 Any solution of the set of equations i36\) - 
J<5"/j ) which is an automorphism of T>u can be found as 
follows. 

1. Pick any permutation fig on U^. 
2. 

FOR j = £ — 1, . . . ,0 (working backwards in order), 
FOR k satisfying j < k < £, 

for each (uj + i t>k , . . . , u j+Kt>k , 0, . . . , 0) G U i+1 x ••• x 
Uf, let (3j t k(uj t k\uj + i t> k,...,Uj +Kt> k,0,...,0) : Uj ik -> 
Uj t k be the permutation on Uj >k satisfying 

Pj,k{uj : k\uj + i :> k, ■ ■ • , Uj +Ky> k, 0, . . . , 0) = 

Pj + l,k(Uj,k\o j+iUj + i^fc, . . . , CTj+K-iUj+K^i^fc, 0, . . . , 0). 

(41) 

ENDFOR 

FOR k = j, 

for each (u j+ i ;>k , u j+lii>k , 0, . . . , 0) G Uj+i x • • • x 



U e , let ( 8j i fe(uj,fe|u J - + i j> fe,...,Uj +K! >fc,0, ...,0) : Uj :k -» 

Uj tk be any permutation on Uj tk . 

ENDFOR 

For each (uj+i, . . . , u^) G Uj+i x • • • x XJf , define a per- 
mutation /9j-(uj|uj+i, . . . , Ui) : XJj — > Uj using permuta- 
tions j3'j fe (uj ! fe|uj + i, . . . , ug) : U j. k Uj )k for k such that 
j < k < £, where 

^(Mj.fclu^+i,...,^) = 

f3j,k(uj, k \uj + i y>k , . . . , Uj +Ki> fc, 0, . . . , 0). 

ENDFOR 

3. Set ip e = (0o, /3i,..., f3 e ), (p s = (Pi,..., Pi), and ip = 
(ip s ,(p e ). Then ip is an automorphism ofT>u, and the set 
of (p obtained this way is the automorphism group ofVu, 
Aut(Du)- 

Corollary 40 Any automorphism ip in Aut(X>u) is 
uniquely specified by the collection of permutations 

Po,k( ■ |Ul,>fc, . . . , u j+Kt>k , 0, . . , 0), 

for each k such that < k < £, and each 
(u 1>>fe , . . . , u j+K>k , 0, . . . , 0) G Ui x ■ • • x U«, with k = 
£-k. 

We call the collection of permutations in Corollary l40l 
separating permutations. Algorithm [35] shows that per- 
mutations in the graph automorphism group can be sep- 
arated by rows and by columns. Corollary l40l shows that 
only the permutations Po jk , < k < £, are required to 
generate the automorphism group. 

Using the separating permutations, we can count how 
many distinct automorphisms there are. The symmetric 
group on \Uo_ k \ objects is denoted §|^ fc i. 

Theorem 41 |Aut(2?u)| is given by 

e 

|Aut(^u)[ = n [S|a , fe |r fc , (42) 

fc=0 

where 

I 

T fc = n \ u ^\ {k '- k) 
k '= k +i 

for k < £ and T k — 1 for k — £. 

Proof. Each distinct automorphism ip uses a set of sep- 
arating permutations 

F k = {/3o,fc(-|ui ) >fc,...,u i+K) > fc ,0,...,0)| 
index (ui^fc, . . . , Uj +Kt>k , 0,...,0) G Ui x ••• x U £ } 

for each k, < k < £. There is one permutation fio jk in 
the set F k for each index (ui^^, . . . , Uj +Ky>k , 0, . . . , 0) G 
Ui x • • • x TJe . Let < F k > be the number of distinct sets 
F k that can be formed. Then 

t 

|Aut(X»u)| = Yl < F k > . 

fc=0 
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We now count the number of distinct sets Fk . For each 
fixed index (ui t> k, ■ ■ ■ , Uj +Ki> k, 0, . . . , 0) in Fk, there are 
\S\u k \ | possible choices for permutation /3o,fc- The num- 
ber of possible indices (ui^., . . . , \ij +K:> k,0, ■ ■ ■ , 0) in Fk 
is 

i 

T fe = n itw fe, - fe) 

k' = k+l 

for k < £. For k = £, the number of possible indices is 1, 
so let Ti = 1. Then 

<F k >= IVcfclT*. 
for < k < £. • 

7. BASIS AND BRANCH GROUP STRUC- 
TURE 

7.1 Basis and structure 

We define a basis using the natural shift structure of 
B. The groups in {Xj} are normal in B. Thus we can 
form the sequence of quotient groups 

Xq,Xi/ Xq, ■ ■ ■ ,Xj/Xj-i, . . . ,Xi/Xe-i. (43) 

This gives a coset decomposition chain of B. Pick a coset 
representative Xj from each coset of Xj/Xj-i, for j = 
0,...,£. (Note: we mean Xj is an element of B, not 
a coset in Xj/Xj-i.) This forms a complete system of 
coset representatives, or basis B. It is well known that any 
element g G B can be uniquely represented by a vector 
x of coset representatives in a complete system of coset 
representatives B, 

x = (x a ,xi, . . . ,x e ), (44) 
called an expansion of g, where 

e 

g = l[x J . (45) 

Since there are many ways to pick the complete system of 
coset representatives to form a basis B, the expansion of 
g in (j44|) and product terms in (|45|) are not unique. We 
refer to two different bases as a change of basis. 

For each g £ B, let expansion set S g be the set of ex- 
pansions of g using a complete system of coset representa- 
tives for each possible basis B. Thus if B is any basis and 
x = (xq, . . . ,xg) is the expansion of g in terms of the coset 
representatives of that basis B, so that g = Ilj=o x 3-> then 
x G S g . In another basis B' , the expansion of g might be 

x' = (x' Q , . . . , x' e ) so that g — Yij=o x 'ji an< ^ then x' G S g . 
Thus S g is an equivalence class. 

Theorem 42 Vector x = (xq, . . . ,xi) £ S g if and only if 
x.j G Xj and g = lf j=Q Xj . 



Proof. First assume Xj G Xj and g = Yij=o x j- If x j G 
Xj, then Xj is a coset representative in Xj/Xj-i. The 
coset representatives Xj, j — 0,...,£, define a unique 
g G B, given by g — Yij=o x j- Then there is some basis 
B containing coset representatives Xj, j = 0, . . . ,£, in a 
complete set of coset representatives, and x G S g . 

Now assume x G S g . If x G S g then g = Y\j =0 Xj and 
Xj are coset representatives in Xj/Xj-i, j — 0, ...,£. 
Then Xj G Xj. • 

We will now show the set of expansion classes S g , for 
each g G B, forms a group. Consider any x G S g and any 
x G S g . We define a product operation x ® x as 

x ® x = (x , . . . , xt) 8) (x , . . . , xe) 

d = {xQxl,..,,XjX*j,...,xtx}), (46) 

where x* is defined by 

x* (x j+ i ■ ■ ■ xt) = (x J+ i ■ ■ ■ x e )xj , (47) 

for < j < £, and x\ = xg. The group operation is 
similar to a direct product operation but with a "twist" . 

Let x' = f (xqXq, . . . , XjXj, . . . , xtx\\ Fix j such that 
< j < £■ Since Xj is normal in Xj + \, . . . , X[, we know 
that Xj(xj + i ■ ■ ■ xi) — (xj + i ■ ■ ■ Xi)Xj. And since Xj G 
Xj, then from (|47)) we know x* G Xj. Then XjX* G Xj 

and from Theorem x' G S g > where g' = \\j- Q x j x *j- 
We now show g' = gg. We have 

i 

g 1 = J] XjX* 

3=0 

= 99- 

Thus for any x G S g and any x £ Sg, we have shown 

X (8) X G Sgg. 

We can improve on this result as follows. 

Lemma 43 Fix any x G S g . Define x (g) 5p to 6e i/ie sei 
of products {x<g)x|x G T/ien x®S g — S g > and there 

is a 1-1 and onto map rj : x ® 5§ — > 5 S ' . 

Proof. We have just shown that for any x£5|,x®xg 
5 9 ' . Thus we have x(g> S g C S g i . It remains to show the 
map r\ is 1-1 and onto. But if (xq, . . . , xi) ^ (x, . . . , xi), 
it is clear from (|47|) that x<X>x ^ x®x. Thus the map r; is 
1-1. We now show ij is onto. Pick any x' = (x' , . . . , x'p) G 
S g i . Find (xo, . . . , xg) such that 

{x' Q ,...,x'f) = (x x , Xi±t). (48) 

We can rewrite this as 

(x' Q ,...,x' e ) = (x Q x ,...,x e x e ) 

= (x a , ...,xt)® (x , ■ ■ -,x e ), 
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where Xj is defined by 



Xj(xj+\ •••xi) = (x 



■Xl)Xj 



Theorem 47 The bijection A : B — > Sb given by the 
assignment X : g M> S g is an isomorphism from branch 
(49) group B to class group Sb, that is 



for j = 0, . . 



1, and X£ — X( . Then we have 



g = II x j 

3=0 



n 

3=0 



'3^3 




But since g' = gg and rii = o x i ~ 5' we mus ^ have 
n 7 =o &j ~9- ^ is clear from (|48|) that Xj G Xj, and then 



from PS)) that Xj G Xj. Thus x = f (f , • • ■ , &i) € Sg, 
and there exists xeSj such that x®x = x'. This means 
map 77 is onto. • 

Lemma 44 Fix any x G S g . Define S g <g x to be the set 
of products {x<gx|x G S g }. Then S g ®x = Sg' and t/iere 
is a and onto map rj : S g (g : 

Proof. Similar to above proof. 



Let 5 be the set of expansion classes, S — U g£ BS g . In 
view of Lemmas 23] and 2U we have the following. 

Theorem 45 For g,g G -B, define the product operation 
S g <g ^ on seis in 5 to be the set of products {x ® x|x G 



S 9 ,x e Sg}. In view 0/ Lemmas \4S\ and\JJ 
operation S g (g is we/Z defined and 

Sg' = {x <g X|X G Sg, X G Sg}, 



i/ie product 



where g' = gg. 



Consider S h <g (S s <g S 5 ) and {S h ® S g )& S s . We have 

Sft <g (Sg ® Sg) = Sft ® Sgg 
= ^(99) 



= S/jg ® Sg 

= (S h ® Sg) ® Sg. 

Thus the product operation "(g)" on S is associative be- 
cause B is associative. 

Then we can form an expansion class group Sb on ele- 
ments of S using group operation S g g> Sg for S s , Sg G S. 
The identity element of Sb is Si , and the inverse of S g is 

Sg-l. 



Theorem 46 The set S of expansion classes S g , for each 
g G B, along with product operation <g, forms an expan- 
sion class group Sb- 



Sn 



So 



Sg. 



Note that group multiplication in Sb, given by (1461) - 
47)) . is local, causal, and iterative. 
If B is abelian, it can be seen from (1471) that x* = Xj 



_"3 3 

for j = 0, . . . , i. Then the product operation xg)X in (|46)) 
becomes 

x <8> x = (x , . . . ,xt) ® {x ,. . . ,x t ) 

= (X X , . . . ,XjXj, . . . ,XiXi). 

Thus in the abelian case there is no "twist" in the group 
operation "<g", and class group Sb has properties of a 
direct product. 

7.2 Change of generator basis 

In the previous subsection, we introduced a vector ba- 
sis, in which any element g G B can be uniquely repre- 
sented by a vector x of coset representatives of (|43f , 

x = (x ,xi, . . .,x e ). 

The controllable matrix gives a collection of coset rep- 
resentatives {rj ; k} for < k < £ and < j < k. The 
product xj = Yik=j r j,k 1S a representative of a coset in 
Xj/Xj_i. Therefore we can define a vector x of coset 
representatives of (|43l) using 





We call the basis formed this way a generator basis. In 
general there are vector bases which cannot be formed us- 
ing a generator basis; therefore the generator bases form 
a strict subset of the vector bases. However the generator 
bases can be used to form a minimal encoder [3] , as given 
in [3] and Section 5. In this subsection and the next we 
only consider generator bases. 

Consider using two generator bases to form two en- 
coders. Since generator bases give minimal encoders, the 
graphs of the two encoders are isomorphic [3 . In this sec- 
tion we study how the graph automorphism group places 
restrictions on the change of generator basis. 

We have just seen that an edge e of the shift register 
graph T>u can be uniquely identified by a set of 
integers, where each Uj^ G Uj,k, < j < k, < k < I. 
Clearly there is a 1-1 correspondence between Uj.k G U in 
(|T8|) and Qj^ in (fl"6| . such that Uj y k G Uj t k corresponds to 
a single coset qj,k(uj,k) in quotient group Qj.k, f° r < j < 
k, < k < £. (The argument Uj t k in qj t k(uj t k) is regarded 
as an index for the cosets qj t k in Qj,k-) When we select a 
generator basis B, we select a representative rj,k(itj,jfe) G 
Qj,k( u j,k) for each coset qj,k(uj,k) in Qj.k- The product 
of the representatives gives a unique g G B, which is 



17 



the label of edge e in the encoder £>tj,-E determined by 
generator basis B. Then we have the correspondences: 



e < — ► {u jt k} < — > {qj,k{ u J,k)} < — > { r jA u j,k)} 

(50) 

Suppose we have another generator basis B' . Then we 
select a representative r'j k( u 3,k) £ Qj,k{'Uj,k) for each coset 
°j,k( u 3,k) m Qj,k, where we may not have r hk (u hk ) = 
r 'j k( u j,k)- The basis B' gives an encoder 2?u,E') an d for 
an edge e! in 2?u,_B', we have the correspondences: 



(51) 

The two generator bases £> and B 1 give encoders Pu.b 
and T>\j t E', respectively. Since the encoders are minimal, 
they must be graph isomorphic [3]. This means there is 
a graph isomorphism ip which takes edge e with label g 
in £>u,£ to edge e' with label g' in 2?u,B', where g = <?'. 
Then we have the relations: 



{«7,k( u i,fc)} 
{«7,kK-,fc)} 



(52) 

Again, note that there is a representative rj t h(u'j k ) m 
£> of coset qj^iu'j k ), which may not be the same as rep- 
resentative r' j k (u' j k ) in B' of coset q 3 , k {u' jk ). 

But we know the isomorphism tp gives a bijection 

/8j,*(%,fc|Uj+i,>k)---i u j'+/»,>fc)0}---)0) : Uj,k f/j,fe. 
Then we must have 

Pj,k{ ■ |uj+i,>fc, . . . , u j+Kt>k , 0, . . . , 0) : i-> u^ fc . 

But we know that g uniquely identifies the cosets 
Qj,k{uj t k), and therefore the integers Uj >k £ Uj. k . Thus g 



specifies the index (u^+i^fc, 



fe,0, 



,0) 



and we 
x j+l,>k> ■ 



(u? 



show this dependency by writing 



• ' U i+K,>fc 



, 0, . . . , 0). This means 



9 

I- 



U r 3,k{Uj,k) 



n 



Theorem 48 Let B and B' be two generator bases with 
representatives {Vj,fc} and {r'j k }, respectively. Let g G B 
be represented in generator basis B as 

£ I 

g= 1111 r , ■>■■'", ■>■■>■ 

Then the representation of g in generator basis B' is 

£ I 

' mi ' - * 

3=0 k=j 



.9 = HI! r,j. a, j, 

3=0 k=j 



(53) 



where the map 



rj,k{uj, k ) ' ^ r'jJu'ju) 



(56) 



II II »i,fcC8i,*(«i,*|uJ +li>fc , • ■ • , uf +Kj>fc , 0, . . . , 0)) 
i=o fc=j 

(54) 



j=0 k=j 



(55) 



Thus we can represent g in basis B using (|53p , and in ba- 
sis B' using (|55]l. The assignment r j:k (uj :k ) H> r ' 3 ,k( u ' 3 ,k) 
gives the change of basis. This proves a change of basis 
theorem. 



is found using 

PjA ■ l U i+l,>fe> • • • ' U ?+K.>fc> °' ' • ' » °) : U 3,k «j-,fc, 

(57) 

and is /rom </ie graph isomorphism ip taking label 
g with edge representation e in B to label g with edge 
representation e' in B' . 

We can think of the change of basis theorem as 
relating two coset decomposition chains. For a par- 
ticular g, there is a bijective mapping between rep- 
resentatives in one coset chain to representatives in 
the other depending on a memory given by the in- 
dex (u 9 +1 >fc ,...,u| +K>fc ,0,...,0), for < j < k, 
< k < £, as shown in (|56|) - (f57|) . For any other 
element h £ £?, the mapping from representatives in 
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one coset chain to the other is the same as for g for 

,0,...,0) = 



u 



j+K,>k 



those j,k such that (trj +1 >k , 

( u i+i,>fc> • • • > , ■ • • , 0). If the graph automor- 

phism for the change of basis is independent of index 

( u f+i,>fe' • ■ • ' U f+ K ,>fe' °> • • • , 0) for all g and all < j < 
k, < k < I, there is a bijective mapping between rep- 
resentatives in one coset chain to the other which is in- 
dependent of g. Thus there is a fixed 1-1 mapping of the 
two bases B and B 1 which gives the representation of g 
in £>' from the representation of g in B, independent of g. 
Any de Bruijn shift register is an example of this, such as 
a binary convolutional code. 

We have just seen that the change of generator ba- 
sis, the branch group, the shift register graph, and the 
graph automorphism group are intimately related. This 
is shown by the following theorem. 

Theorem 49 The number of generator bases is upper 
bounded by |Aut(2?u)|, where |Aut(2?u)| is given in (01 



Proof. A generator basis gives a minimal encoder. The 
graphs of any two minimal encoders are related by a graph 
isomorphism [3]. • 

7.3 Symmetry and duality for abelian B 

In this paragraph, we give a brief review of the minimal 
encoder construction of Forney and Trott (see Encoder 
Construction, p. 1509 of [3]). In this paragraph, the 
notation in |3j is used. The j-controllable subcode Cj 
of a group code C is defined as the set of combinations of 
code sequences of span j + 1 or less: 



feez 



They show 



Co C d C . . . Cj. 



i c Cj c 



.c„ = c 



is a normal series. Then in their Code Granule Theorem, 
they show Cj/Cj-i is isomorphic to the direct product 
Ilfcez F[k,k+j], where T[ k ^ k+j ] is a granule, a particular 
quotient group. Then it follows (p. 1509) that the set 
Ilfcez * s a set °f cose t representatives for the 

cosets of Cj-i in Cj, where [r^fc+jj] = { c ilk,j)} is a 
set of coset representatives for the granule r^fc+jj. This 
means (Generator Theorem) that every code sequence c 
can be uniquely expressed as a product 



c= n ri c (^) 

o<j<f kez 



(58) 



of generators c(7fcj). 

We have seen in Section 4 that the generators used by 
Forney and Trott are the same as the generators used in 
the encoder here. We can then rewrite (|58|) using our 
notation. The time index k in 3 corresponds to time 



index t in our notation. The time index j in [3] corre- 
sponds to k in our notation. Thus the generator 0(7^) 
in (|58| corresponds to g^fc in our notation. Further v in 
[3] corresponds to I here. Then we can rewrite ([58} in 
our notation as 



n n 

0<k<£ tez 



gt.fe- 



(59) 



The output at time t, or branch b' t in the branch group 
version of the encoder, is given by 



b' 



n n*(* 



t-j,k) 



k=0 



For our purposes, it is more convenient to consider the 
time reversed version of (|59|). This is also a valid encoder 
since the argument in [3] is symmetric with respect to 
time reversal. Then the output at time t for the time 
reversed encoder, branch b", is given by 



b 't=W (llxtist-^) 

k=o \j=o 



(60) 



Using ([20|) we can rewrite (|60j) as 



«'=n n 



(61) 



fc=0 



We now compare (|61j) and the encoder (fT9| in Sec- 
tion 5. In (1191) . for fixed j the inner product (the term 
in parentheses of (fl"9"])) is a product of terms in a single 
column of the controllable matrix, and the outer product 
can be considered to be a row product. Then we refer to 
encoder (|19|) as a column-row encoder. In the Forney and 
Trott encoder (|61[) , for fixed k the inner product (the term 
in parentheses of (|6"TjO is a product of terms in a single 
row of the controllable matrix, and the outer product can 
be considered to be a column product. Thus we refer to 
the Forney and Trott encoder as a row-column encoder. 
This terminology points out a distinct difference between 
the two encoders. However note that one encoder can 
be transformed to the other by merely interchanging the 
inner and outer product. 

Fix a generator basis B* . This gives a set of repre- 
sentatives {r1j k }. Using basis B* , and emphasizing the 
connection to an underlying graph T>u, we rewrite (|19p 
as 

1 i 

</ II II (62) 

We know that we can use the same generator basis B* for 
the Forney- Trott encoder. Then we have 



l k 

nn 

k=0 j=0 



;{Uj,k)- 



(63) 
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In general we do not have g = g' if the product terms 
in (|62"T) and (|63|) are the same. But since both encoders 
are minimal, we know there is a graph automorphism tp 
containing Pj,k, where 

PjA- l u j+i,>fc,- ■ -,Uj+ K ,>k,0, ■••,0) : Uj.k h-> u'. fc! 



such that 



ff=nn^M=nn^). 

j=0 k=j j=0 k=j 



(64) 



as in (|53 |) -([55 ]l . In general ([64]) gives commutative re- 
strictions on the basis representatives since the same rep- 
resentatives appear in different order in both encoders. 
And these restrictions can be obtained for each choice of 
basis B* . Therefore in general a nonabelian branch group 
B must satisfy extensive commutative restrictions on its 
elements. 

Now assume B is abelian and both encoders use the 
same basis B. Since B is abelian the product terms in 
(|62|) can be rearranged to form ([63]) so that g — g' ■ Then 
the graph isomorphism ip is trivial, and the states of the 
Forney- Trott encoder are the same as the states of the 
encoder here. This gives the following result. 

Theorem 50 Assume B is abelian. Fix any generator 
basis B. Let B have representatives {rj t k}- Then for any 
g G B , we have 




(65) 



The middle term describes the encoder given here, and 
the right term describes the branch group version of the 
Forney- Trott encoder. The middle term can be regarded 
as a time domain representation of g, and the right term 
as a spectral domain representation of g. Theorem [50] 
shows the two domain representations are equal, and 
there is a symmetry and duality between the time do- 
main and spectral domain. We can rewrite the middle 
term of (1651 as 




ri,k 



n 



' { r t,i 



(66) 



Then Theorem l50l shows that the time domain representa- 
tion can be transformed to the spectral domain by using 
the row product in (|66[) . similar to a trace. Note that 
each parentheses term in (|66j) is a component of the vec- 
tor basis. 
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